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A novel type of spaser with the net amplification of surface plasmons (SPs) in doped graphene
nanoribbon is proposed. The plasmons in THz region can be generated in a dopped graphene
nanoribbon due to nonradiative excitation by emitters like two level quantum dots located along
a graphene nanoribbon. The minimal population inversion per unit area, needed for the net am-
plification of SPs in a doped graphene nanoribbon is obtained. The dependence of the minimal
population inversion on the surface plasmon wavevector, graphene nanoribbon width, doping and
damping parameters necessary for the amplification of surface plasmons in the armchair graphene
nanoribbon is studied.
PACS numbers: 78.67.Wj, 42.50.Nn, 73.20.Mf, 73.21.-b
I. INTRODUCTION
The essential achievements in nanoscience and nanotechnology during the past decade lead to great interest in
studying nanoscale optical fields. The phenomenon of surface plasmon amplification by stimulated emission of radi-
ation (spaser) was proposed in Ref. 1 (see also Refs. 2, 3). Spaser generates coherent high-intensity fields of selected
surface plasmon (SP) modes that can be strongly localized on the nanoscale. The properties of localized plasmons are
reviewed in Refs. 4–7. The spaser consists of an active medium formed by two-level systems (semiconductor quan-
tum dots (QDs) or organic molecules) and a plasmon resonant nanosystem where the surface plasmons are excited.
The emitters transfer their excitation energy by radiationless transitions through near fields to a resonant plasmon
nanosystem.
By today theoretical and experimental studies are focused on metal-based spasers, where surface plasmons are
excited in different metallic nanostructures of different geometric shapes. A spaser consisted of the nanosystem
formed by the V-shaped silver nanoinclusion embedded in a dielectric host with the embedded PbS and PbSe QDs
was considered in Ref. [1]. A spaser formed by a silver spherical nanoshell on a dielectric core with a radius
of 10 − 20 nm, and surrounded by two dense monolayers of nanocrystal QDs was considered in Ref. 8. The SPs
propagating along the bottom of a groove (channel) in the metal surface were studied in Ref. 9. The SPs are assumed
to be coherently excited by a linear chain of QDs at the bottom of the channel. It was shown that for realistic
values of the system parameters, gain can exceed loss and plasmonic lasing in a ring or linear channels in the silver
surface surrounded by a linear chain of CdSe QDs can occur. In Refs. [10–13] the spaser formed by the metal
sphere surrounded by the two-level quantum dot was studied theoretically. The spaser consisting of the spherical
gain core, containing two-level systems, coated with a metal spherical plasmonic shell was theoretically analyzed in
Ref. [14]. The experimental study of the spaser formed by 44 nm diameter nanoparticles with the gold spherical core
surrounded by dye-doped silica shell was performed in Refs. [15, 16]. In this experiment the emitters were formed by
dye-doped silica shell instead of QDs. It was demonstrated that a two-dimensional array of a certain class of plasmonic
resonators supporting coherent current excitations with high quality factor can act as a planar source of spatially
and temporally coherent radiation [17]. This structure consists of a gain medium slab supporting a regular array of
silver asymmetric split-ring resonators. The spaser formed by 55 nm-thick gold film with the nano-slits located on the
silica substrate surrounded by PbS QDs was experimentally studied in Ref. 18. Room temperature spasing of surface
plasmon polaritons at 1.46 µm wavelength has been demonstrated by sandwiching a gold-film plasmonic waveguide
between optically pumped InGaAs quantum-well gain media [19].
Since plasmons can be excited also in graphene, and damping in graphene is much less than in metals [20–22], we
propose to use graphene nanoribbon surrounded by semiconductor QDs as the nanosystem for the spaser. Plasmons
in graphene provide a suitable alternative to plasmons in noble metals, because they exhibit much tighter confinement
and relatively long propagation distances, with the advantage of being highly tunable via electrostatic gating [23].
Besides, the graphene-based spaser can work in THz frequency regime. Recently there were many experimental and
theoretical studies devoted to graphene known by unusual properties in its band structure [24, 25]. The properties
2of plasmons in graphene were discussed in Refs. [26–29]. The electronic properties of graphene nanoribbons depend
strongly on their size and geometry [30, 31]. The frequency spectrum of oblique terahertz plasmons in graphene
nanoribbon arrays was obtained [32]. Besides, graphene-based spaser seems to meet the new technological needs,
since it works at the infrared (IR) frequencies, while the metal-based spaser works at the higher frequencies. Let us
mention that the graphene-based photonic two- and one-dimensional crystals proposed in Refs. 33, 34 also can be
used effectively as the frequency filters and waveguides for the far infrared region of electromagnetic spectrum.
In this Paper we propose the graphene nanoribbon based spaser consisting of a graphene nanoribbon surrounded
by semiconductor QDs. The QDs excited by the laser pumping nonradiatively transfer their excitation to the SPs
localized at the graphene nanoribbon, which results in an increase of intensity of the SP field. We calculate the minimal
population inversion that is the difference between the surface densities of QDs in the excited and ground states needed
for the net SP amplification and study its dependence on the surface plasmon wavevector, graphene nanoribbon width
at fixed temperature for different doping and damping parameters for the armchair graphene nanoribbon.
The paper is organized in the following way. In Sec. II the minimal population inversion for the graphene-based
spaser is obtained. The discussion of the results and conclusions follow in Sec. III.
II. SURFACE PLASMON AMPLIFICATION
The system under consideration is the graphene nanoribbon, which is the stripe of graphene at z = 0 in the plane
(x, y), that is infinite in x direction and has the width W in y direction. This stripe is surrounded by the deposited
dense manolayers of nanocrystal quantum dots with the dielectric constant εd at z < 0 and z > 0. When the quantum
dots are optically pumped, the resonant nonradiative transmission occurs by creating a surface plasmon localized in
the graphene nanoribbon. Our goal is to show that amplification by QDs can exceed absorption of the surface plasmon
in the graphene nanoribbon. As a result we obtain an increase of intensity of the surface plasmon field. In other
words, the competition between gain and loss of the surface plasmon field in the graphene nanoribbon will result in
favor of the gain.
Below we derive the expression for the minimal population inversion per unit area Nc, needed for the net amplifi-
cation of SPs in a doped graphene nanoribbon from the condition that for the regime of the plasmon amplification
the rate ∂U¯/∂t of the transfer of the average energy of the QDs is greater than the heat released per unit time ∂Q/∂t
due to the absorption of the energy of the plasmon field in the graphene nanoribbon.
Let us start from the Poynting theorem for the rate of the transfer of the energy density from a region of space
∂W/∂t = −div~S, where ~S is the Poynting vector and assume that the plasmon frequency equals the QD transition
frequency. From the other side the rate of the transferred energy related to the rates of the average energy of the
QDs and the heat released due to the absorption of the energy by the graphene nanoribbon can be presented as
− ∂
∂t
∫
WdV = ∂U¯
∂t
− ∂Q
∂t
, (1)
where V is the volume of the system. Therefore, from the Poynting theorem we have the following expression∫
∇ · ~SdV = ∂U¯
∂t
− ∂Q
∂t
. (2)
Let us consider now each term in the left hand side of Eq. (2) separately. The excitation causing the generation of
plasmons in the graphene nanoribbon comes from the transitions in the QDs between the excited and ground states.
The average energy U¯ of the QDs characterized by the dipole moment is given by [35]
U¯ =
1
2
∫
~P · ~EdV , (3)
where ~E is the electric field of the graphene nanoribbon plasmon, and ~P is the polarization of QDs, which is the
average total dipole moment of the unit of the volume V . When the plasmon frequency ω equals the QD transition
frequency, and, ~E ∼ exp(−iωt) and ~P ∼ exp(−iωt), the relation between the polarization of QDs ~P and electric field
of the graphene nanoribbon plasmon ~E has the form [9]
~P = −ik τp|µ|
2n0
h¯
~E , (4)
where k = 9 × 109 N×m2/C2, n0 is the difference between the concentrations of quantum dots in the excited and
ground states, τp is the inverse line width, and µ is the average off-diagonal element of the dipole moment of a single
QD.
3Substituting Eq. (4) into Eq. (3), we obtain the rate of the transfer of the average energy of the QDs
∂U¯
∂t
=
∫
ωIm
(
~E · ~P ∗
)
dV = ωk
τp|µ|2
h¯
∫
n0| ~E|2dV . (5)
We assume that the distances between the quantum dots are small, so their effect on a plasmon is the same as that of
a continuous (constant) gain distribution along the graphene nanoribbon. We consider the two-dimensional graphene
nanoribbon at z = 0 and assume it is infinite in x direction, has the width W in y direction and therefore, n0 =
N0η(y,−W/2,W/2)δ(z), where N0 is the difference between the numbers of the excited and ground state quantum
dots per unit area of the graphene nanoribbon, and η(y,−W/2,W/2) = 1 at −W/2 ≤ y ≤W/2, η(y,−W/2,W/2) = 0
at y < −W/2 and y > W/2. Then, taking into account mentioned above, we obtain from Eq. (5)
∂U¯
∂t
= ωk
τp|µ|2
h¯
∫ +∞
−∞
dx
∫ +∞
−∞
dy
∫ +∞
−∞
dzN0η(y,−W/2,W/2)δ(z)| ~E(x, y, z)|2 =
= ωk
τp|µ|2N0
h¯
∫ +W/2
−W/2
dy
∫ +∞
−∞
dx| ~E(x, y, 0)|2 . (6)
Taking into account the spatial dispersion of the dielectric function in the graphene nanoribbon [30, 31], we use the
following expression for the rate of the heat ∂Q/∂t released due to the absorption of the energy of the plasmon field
in the graphene nanoribbon [4, 36]
∂Q
∂t
=
∫
ωImε(ω, qx)η(y,−W/2,W/2)| ~E|2dV
= ωImε(ω, qx)
∫ +∞
−∞
dx
∫ +W/2
−W/2
dy
∫ +∞
−∞
dz| ~E(x, y, z)|2 . (7)
where Imε(ω, qx) is the imaginary part of the dielectric function ε(ω, qx) of graphene nanoribbon given by Eq. (A1).
The plasmons in a graphene nanoribbon are excited due to the radiation caused by the transitions from the
excited state to the ground state on the QDs. Therefore, according to the conservation of energy, the regime of the
amplification of the plasmons in the graphene nanoribbon is established, if the rate of the transfer of the average
energy ∂U¯/∂t of the QDs given by Eq. (6) is greater than the heat released rate ∂Q/∂t due to the absorption of the
energy of the plasmon field in the graphene nanoribbon:
∂U¯
∂t
>
∂Q
∂t
. (8)
Substituting Eqs. (6) and (7) into Eq. (8), we get
ωk
τp|µ|2N0
h¯
∫ +W/2
−W/2
dy
∫ +∞
−∞
dx| ~E(x, y, 0)|2 > ωImε(ω, qx)
∫ +∞
−∞
dx
∫ +W/2
−W/2
dy
∫ +∞
−∞
dz| ~E(x, y, z)|2 . (9)
From Eq. (9), one can obtain the condition for the difference between the surface densities of the quantum dots in
the excited and ground state corresponding to the amplification of plasmons:
N0 > Nc =
Imε(ω, qx)
∫ +∞
−∞
dx
∫ +W/2
−W/2
dy
∫ +∞
−∞
dz| ~E(x, y, z)|2
k
τp|µ|2
h¯
∫ +∞
−∞
dx
∫ +W/2
−W/2
dy| ~E(x, y, 0)|2
, (10)
where Nc is the critical density of the QDs required for the amplification of the plasmons. The evaluation of the
integrals in Eq. (10) requires the knowledge of the electric field of a plasmon in a graphene nanoribbon. The electric
field of a plasmon in a graphene nanoribbon is derived in Appendix B. Using Eq. (B9) for the electric field of a
plasmon, we have:
| ~E(x, y, 0)|2 = E20
(
2q2x cos
2(qyy) + q
2
y
)
, (11)
| ~E(x, y, z)|2 = E20e−2α|z|
(
2q2x cos
2(qyy) + q
2
y
)
, (12)
4where α =
√
q2x + q
2
y and for the armchair nanoribbon we have qyn = 2π/(3a0) ((2M + 1 + n)/(2M + 1)) at the width
W = (3M + 1)a0 [30], where a0 is the graphene lattice constant, M is the integer. We will use n = 1. Substituting
Eqs. (11) and (12) into Eq. (10), we obtain
N0 > Nc =
2h¯Imε(ω, qx)
∫ +∞
−∞ dx
∫ +W/2
−W/2 dy
∫ +∞
0 dze
−2αz
(
2q2x cos
2(qyy) + q
2
y
)
kτp|µ|2
∫ +∞
−∞
dx
∫ +W/2
−W/2
dy
(
2q2x cos
2(qyy) + q2y
) . (13)
Finally from Eq. (13) we obtain
N0 > Nc =
h¯Imε(ω, qx)
αkτp|µ|2 . (14)
Using Eqs. (A1) and (A2) one can find Imε(qx, ω):
Imε(qx, ω) = −V00(qx)f1(qx, β, µ)gsvF qxωγ
πh¯
(
(ω2 − v2F q2x)2 + ω2γ2
) , (15)
where vF is the Fermi velocity of electrons in graphene. The plasmon frequency ω can be obtained at γ = 0 from the
condition Reε(qx, ω) = 0 using Eqs. (A1) and (A2):
ω2 = v2F q
2
x −
V0,0(qx)f1(qx, β, µ)gsvF qx
πh¯
. (16)
To perform the calculations, one should calculate the critical density Nc using Eq. (14). Nc is a function of the
wave vector qx, the graphene nanoribbon width W , temperature T , and electron concentration n0 determined by the
doping.
III. RESULTS AND DISCUSSION
For our calculations we use the following parameters for the PbS and PbSe QDs. Since the typical energy corre-
sponding to the transition between the ground and excited electron states for PbS and PbSe QDs synthesized with the
radii from 1 nm to 8 nm can be 0.7 eV, we use τp ≈ 5.9 fs, and |µ| = 1.9×10−17 esu = 19 Debye (1 Debye = 10−18 esu,
1 Debye = 3.33564 × 10−30 C ·m) [37]. Let us mention that the typical frequency corresponding to the transition
between the ground and excited electron states for PbS and PbSe QDs, which is f ≈ 170 THz, matches the resonance
with the plasmon frequency in the armchair graphene nanoribbon [31]. Therefore, PbS and PbSe QDs can be used
for the spaser considered here. The damping in graphene γ = τ−1 determined by τ is assumed to be either τ = 1 ps
or τ = 10 ps or τ = 20 ps [38–41].
The dependence of the critical density of the QDs Nc required for the amplification of the signal on the wave vector
qx for the different doping electron densities n0 at the fixed width of the nanoribbon, temperature and dissipation time
τ corresponding to the damping, obtained using Eq. (14) is presented in Fig. 1. According to Fig. 1, Nc decreases as qx
and n0 increase. Let us mention that at qx larger than 0.6 nm
−1 there is almost no difference between the values of Nc
corresponding to the different doping electron densities n0, and for large qx Nc converges to approximately 18 µm
−2.
In Fig. 2 the dependence of the critical density of the QDs Nc required for the amplification of the signal on the
wave vector qx for the different dissipation time corresponding to the damping at the fixed width of the nanoribbon,
temperature and doping electron densities obtained using Eq. (14) is shown. As it follows from Fig. 2, Nc decreases
as qx and τ increase. This means that higher damping corresponds to higher Nc. According to Fig. 2, starting with
qx ≈ 1.0 (nm)−1, Nc depends very weakly on qx, converging to some constant values that depend on the value of τ .
The dependence of the critical density of the QDs Nc required for the amplification of the signal on the width of the
nanoribbon W at the different wave vector for the fixed dissipation time corresponding to the damping, temperature
and doping electron densities obtained using Eq. (14) is displayed in Fig. 3. From Fig. 3 we can conclude that Nc
increases as W increases and decreases as qx increases. When W increases, the values of Nc stronger depend on qx.
The dependence of the critical density of the QDs Nc required for the amplification of the signal on the frequency f
at the different dissipation time corresponding to the damping for the fixed temperature and doping electron density
obtained using Eq. (14) is shown in Fig. 4. As it is demonstrated in Fig. 4, Nc increases as f and τ decrease. According
to Fig. 4, starting with f ≈ 140 THz, Nc depends very weakly on frequency and converges to some constant values
that depend on the value of τ . The dependence of the plasmon frequency f on the width of the nanoribbonW , for the
5FIG. 1: The dependence of the critical density of the QDs Nc required for the amplification of the signal on the wave vector
qx for the different doping electron densities n0 at the fixed width of the nanoribbon W , temperature T and dissipation time
τ corresponding to the damping.
FIG. 2: The dependence of the critical density of the QDs Nc required for the amplification of the signal on the wave vector
qx for the different dissipation time τ corresponding to the damping at the fixed width of the nanoribbon W , temperature T
and doping electron densitiy n0.
different wave vectors at the fixed dissipation time corresponding to the damping, temperature and doping electron
density obtained using Eq. (16) is presented in Fig. 5. According to Fig. 5, the plasmon frequency f increases as qx
increases and the width of the nanoribbon W decreases. If in Eq. (14), the imaginary part of the dielectric function
would not depend on the width W , Nc would not depend on W . However, due to the complicated dependence of
Imε(ω, qx) on W through V0,0(qx) given by Eq. (A6), this dependence exists. For the damping time we use τ = 5 ns,
τ = 10 ns, and τ = 20 ns, because such damping for graphene was obtained in the experimental studies [38–41]. One
can conclude from Figs. 2 and 4, that Nc decreases when the damping time τ increases.
Let us mention that we used the parameters for PbS and PbSe QDs to calculate Nc, because among different
materials for the QDs the PbS and PbSe QDs demonstrate the lowest transition frequency [43], which can be in the
resonance with the plasmon in graphene nanoribbon in the IR region of spectrum. According to Ref. 18, the transition
frequency for the QDs depends on the radius of the QDs. The PbS QDs with the radii 2 nm—5 nm have the transition
frequencies 231 and 194 THz [18]. For our calculations we use PbS and PbSe QDs synthesized with the radii up to
8 nm, which can provide the transition frequency f ≈ 170 THz [37]. Let us mention that changing the radius of the
QDs, we can change the frequency of the QDs resonant to the plasmon frequency in graphene nanoribbon controlled
by the wave vector qx, and, therefore, we can control Nc by the radius of the QDs. The density of PbS QDs with the
diameter 3.2 nm applied for the amplification of plasmons in a gold film in the experiment [18] was 4 × 106 µm−2.
According to Figs. 1-4, in the graphene nanoribbon-based spaser there are possibilities to achieve much less densities
of the PbS QDs necessary for amplification than in the gold film-based spaser.
6FIG. 3: The dependence of the critical density of the QDs Nc required for the amplification of the signal on the width of the
nanoribbon W at the different wave vector qx for the fixed dissipation time τ corresponding to the damping, temperature T
and doping electron densities n0.
FIG. 4: The dependence of the critical density of the QDs Nc required for the amplification of the signal on the frequency f
at the different dissipation time τ corresponding to the damping for the fixed width W , temperature T and doping electron
density n0.
Let us mention that in our calculations we take into account the temporal and spatial dispersion of the dielectric
function of graphene nanoribbon in the random phase approximation [30, 31]. The effects of spatial dispersion are very
important for the properties of spaser based on a flat metal nanofilm [44]. Taking into account the spatial dispersion
of the dielectric function of a metal surface in the local random phase approximation allows to conclude that the
strong interaction of QD with unscreened metal electrons in the surface nanolayer causes enhanced relaxation due to
surface plasmon excitation and Landau damping in a spaser based on a flat metal nanofilm [44]. And we assume that
taking into account the spatial dispersion of the dielectric function of graphene nanoribbon is also very important
to calculate the minimal population inversion needed for the net SP amplification in the graphene nanoribbon based
spaser.
The advantages of the graphene nanoribbon based spaser are wide frequency generation region from THz up to IR,
small damping — low threshold for pumping, possibility of control by the gate. While we perform our calculations
for IR radiation corresponding to the transition frequencies 170 THz, the graphene-based spaser can work at the
frequencies much below that this one including THz regime.
7FIG. 5: The dependence of the plasmon frequency f on the width of the nanoribbon W , for the different wave vectors qx at
the fixed dissipation time τ corresponding to the damping, temperature T and doping electron density n0.
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Appendix A: The dielectric function of graphene nanoribbon
For the armchair graphene nanoribbon the dielectric function ε(qx, ω, β, µ) in the one-band approximation in the
random phase approximation is given by [31]
ε00(qx, ω, β, µg) = 1− V0,0(qx)Π0,0(qx, ω, β, µg) , (A1)
where V0,0(qx) is the Coulomb matrix element, and the polarizability Π0,0(qx, ω) can be approximated by
Π0,0(qx, ω, β, µg) = −gs
π
h¯vF qx
h¯2(ω(ω + iγ)− (vF qx)2)
f1(qx, β, µg) (A2)
with
f1(qx, β, µg) =
1
h¯βvF
(
−βh¯vF qx + 2 ln
(
1 + e−βµg
1 + e−β(h¯vF qx+µg)
))
, (A3)
where gs = 2 is the spin degeneracy factor, β = 1/(kBT ), kB is the Boltzmann constant and µg is the chemical
potential controlled by the doping. The chemical potential can be calculated as µ = (πn0)
1/2h¯vF , where electron
concentration is given by n0 and vF =
√
3a0t/(2h¯) ≈ 108 cm/s that is the Fermi velocity of electrons in graphene,
where a0 = 2.46 A˚ is a lattice constant and the value of the overlap integral between the nearest carbon atoms is
t ≈ 2.71 eV [45].
Let us mention that at T = 0 K we have f1(q, β, µg) = −q. The temperature T = 300 K was used in Ref. 31.
The Coulomb matrix element V0,0(qx) is given by [31]
V0,0(qx) =
∫ 1
0
du
∫ 1
0
du′V (qxW |u− u′|) , (A4)
where W is the width of graphene nanoribbon in the y direction. The one-dimensional Fourier transform of the
Coulomb interaction has the form [42]
V (qx|y − y′|) = 2ke
2
εg
K0(qx|y − y′|) , (A5)
8where e is the charge of an electron, εg = 2.5 is the dielectric constant of graphene, K0(y) is the zeroth-order modified
Bessel function of the second kind, which diverges as − ln y when y goes to zero.
Using the definition for V (qxW |u− u′|) from Eq. (A5), we obtain from Eq. (A4):
V0,0(qx) =
2ke2
εg
∫ 1
0
du
∫ 1
0
du′K0(qxW |u− u′|) . (A6)
We are interested to obtain the dynamical dielectric function ε(qx, ω, β, µ) at the frequencies ω ≫ vF k. After the
substitution of Π0,0(qx, ω, β, µg) from Eq. (A2) and V0,0(qx) from Eq. (A6) into Eq. (A1), and taking into account
Eq. (A3) one can obtain the dielectric constant for the graphene nanoribbon ε00(qx, ω, β, µg) ≡ ε(qx, ω).
Appendix B: The electric field of a plasmon in a graphene nanoribbon
~E(x, y, z) can be found from the equation:
∇ · ~D(x, y, z) = ∂Dx(x, y, z)
∂x
+
∂Dy(x, y, z)
∂y
+
∂Dz(x, y, z)
∂z
= 0 . (B1)
If there are two materials contacting each other along the plane there are the boundary conditions at the plane of the
contact: Dn1 = Dn2 and Et1 = Et2, where Dn1 and Dn2 are the the normal to the contact plane components of ~D,
and Et1 and Et2 are tangent to the contact plane components of ~E.
Using the notation u = x− x′, v = y − y′, we have
~D(x, y, z) =
{∫ +∞
−∞
du
∫ +W/2
−W/2
dvε(u, v) ~E(x− u, y − v, z) at z = 0 and −W/2 < y < W/2
εd ~E(x, y, z) at z < 0 or z > 0 or y < −W/2 or y > W/2
. (B2)
At z = 0 and −W/2 < y < W/2 we have from Eqs. (B1) and (B2)∫ +∞
−∞
du
∫ +W/2
−W/2
dvε(u, v)
(
∂Ex(x− u, y − v, z)
∂x
+
∂Ey(x− u, y − v, z)
∂y
+
∂Ez(x − u, y − v, z)
∂z
)
= 0 , (B3)
which can be presented as ∫ +∞
−∞
du
∫ +W/2
−W/2
dvε(u, v)div ~E(x− u, y − v, z) = 0 , (B4)
If we do the Fourier transformation of Eq. (B4) and use the property of the Fourier image of the convolution, we
obtain
∇ ~E(x, y, z) = 0 . (B5)
Let us mention that for z < 0 or z > 0 or y < −W/2 or y > W/2 it is obvious that Eq. (B5) follows from Eqs. (B1)
and (B2).
If we define the potential ~E(x, y, z) = −∇ϕ(x, y, z), we obtain from Eq. (B5) for z < 0 and z > 0
∆ϕ(x, y, z) = 0 . (B6)
The solution of Eq. (B6) for z 6= 0 will be written as
ϕ(x, y, z) = ψ(kxx+ kyy ± i
√
k2x + k
2
y |z|) = ψ(v) , (B7)
where v = kxx+ kyy ± i
√
k2x + k
2
y|z|. Then we have for ~E(x, y, z) where ψ′ = dψ(w)/dw
~E(x, y, z) = −ψ′(kxx+ kyy ± i
√
k2x + k
2
y|z|)~b0 , (B8)
where ~b0 = (kx, ky,±isign(z)
√
k2x + k
2
y). From the boundary conditions, we have kx = iqx, ky = ±iqy, where for the
armchair nanoribbon we have from Ref. 30 qyn = 2π/(3a0) ((2M + 1 + n)/(2M + 1)) at the width W = (3M + 1)a0,
where a0 is the graphene lattice constant defined above, M is the integer. We will use n = 1.
9Defining α =
√
q2x + q
2
y and using ψ(w) = E0e
w/2, we obtain for ~E(x, y, z) from Eq. (B8):
~E(x, y, z) = −E0
2
eiqxx−α|z|
(
eiqyy~b1 + e
−iqyy~b2
)
, (B9)
where ~b1 = (iqx, iqy,−αsign(z)) and ~b2 = (iqx,−iqy,−αsign(z)).
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